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Boundary Layer Turbulence

• Generated from buoyancy 
or through shear

• Superposition of eddies 
that scale from approx. ABL 
thickness to just a few mm

• Energy “cascades” 
downwards 

• Statistics depend solely on 
the energy cascade rate.



Temperature Scaling in the ABL

• Temperature differences in the ABL should scale as:

∆𝑇𝑇(ℎ)𝑝𝑝 = 𝐶𝐶𝑝𝑝(ℎ)
𝑝𝑝
3

• When p = 2 the function is the variogram and 𝐶𝐶2 is the temperature 
structure parameter. 

• Evidence suggests that temperature differences deviate from this 
scaling relationship, a phenomenon called intermittency. 



Computing the Variogram under Spatial Non-stationarity

• Random variable Z for all locations in x (𝑥𝑥1, 𝑥𝑥2 … 𝑥𝑥𝑛𝑛) constitutes a random 
function

𝑍𝑍 𝑥𝑥 = µ(𝑥𝑥) + 𝜀𝜀𝜀(𝑥𝑥) + 𝜀𝜀’’

Where µ(𝑥𝑥) is a mean function, and 𝜀𝜀𝜀 𝑥𝑥 is spatially autocorrelated variation and 𝜀𝜀’’
is uncorrelated noise. 

• Variogram then calculated using the residuals

2𝛾𝛾(ℎ) = 𝐸𝐸 {𝜀𝜀′ 𝑥𝑥 − 𝜀𝜀′ 𝑥𝑥 + ℎ }2



Spatial Estimation (Kriging)

• Variogram used to assign spatial weights.
• Used to achieve the best linear unbiased predictor (BLUP) for a 

random variable 𝑍𝑍 at an un-sampled point 𝑥𝑥0. 

𝑍̂𝑍(𝑥𝑥0) = �
𝑖𝑖=1

𝑁𝑁

𝜆𝜆𝑖𝑖𝑓𝑓𝑘𝑘 𝑥𝑥𝑖𝑖

where 𝜆𝜆 𝑖𝑖 are spatial weights, and 𝑓𝑓𝑘𝑘 are functions of the spatial 
coordinates.



Kriging Equations

• BLUP is achieved through minimization of the kriging variance:

𝜎𝜎𝑘𝑘2 = 2�
𝑖𝑖=1

𝑁𝑁

𝜆𝜆𝑖𝑖𝛾𝛾( 𝑥𝑥0 − 𝑥𝑥𝑖𝑖) − �
𝑖𝑖=1

𝑁𝑁

�
𝑗𝑗=1

𝑁𝑁

𝜆𝜆𝑖𝑖𝜆𝜆𝑗𝑗𝛾𝛾 𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗 .

• As a condition of unbiasedness:

�
𝑖𝑖=1

𝑁𝑁

λ1 = 1



Kriging Equations

• Weights are solved in matrix notation as:
𝐴𝐴𝐴𝐴 = 𝑏𝑏

Which expands to

𝛾𝛾11 … 𝛾𝛾1𝑛𝑛 𝑓𝑓11 … 𝑓𝑓1𝑘𝑘
⋮ ⋱ ⋮ ⋮ ⋱ ⋮
𝛾𝛾𝑛𝑛𝑛 … 𝛾𝛾𝑛𝑛𝑛𝑛 𝑓𝑓𝑛𝑛𝑛 … 𝑓𝑓𝑛𝑛𝑛𝑛
𝑓𝑓11 … 𝑓𝑓1𝑛𝑛 0 ⋯ 0
⋮ ⋱ ⋮ ⋮ ⋱ 0
𝑓𝑓𝑘𝑘𝑘 … 𝑓𝑓𝑘𝑘𝑘𝑘 0 ⋯ 0

×

λ1
⋮
λ𝑛𝑛
ψ1
⋮
ψ𝑘𝑘

=

𝛾𝛾10
⋮
𝛾𝛾𝑛𝑛𝑛
𝑓𝑓10
⋮
𝑓𝑓𝑘𝑘𝑘

where ψ are Lagrange multipliers. 



Vertical estimation of the temperature 
structure parameter and scaling exponent
• Inertial range turbulence is assumed to be 

isotropic.

• Continuous profiles identified as a key 
sampling need (Jacob et al. 2018).



Objectives

• Capture the structure of the temperature field using the variogram to 
identify sample separation distances that are inherent to the inertial 
subrange of turbulence.

• Distinguish specific above ground altitudes for which the theorized second-
order scaling relationship is valid through cross validation of universal 
kriging. 

• Assess the degree of deviation from the theorized second-order scaling 
relationships and how that may affect results of spatial interpolation. 



Sensor and Platform

• Temperature data captured 
using a Young 81000 sonic 
anemometer

• Sonic temperature captured at 
32 Hz

• Mounted on a DJI M600
• 1,133 mm in diameter 
• Weighs 9.1 kg
• 7 kg payload capacity 

Photo: Jamey Jacob



Study Location

ISARRA LAPSE-RATE 2018 Flight Week

• San Luis Valley, CO
• 16 July 
• 2,310 m MSL
• Rural area with land 

cover dominated by 
deciduous shrubs

• 18 July 
• 2,320 m MSL
• Elementary school in 

rural community



Methods
• Variograms computed using method-of-moments estimator:

2�𝛾𝛾 ℎ =
1

𝑁𝑁 ℎ
�
𝑖𝑖=1

𝑛𝑛 ℎ

{𝑍𝑍 𝑥𝑥𝑖𝑖 − 𝑍𝑍 𝑥𝑥𝑖𝑖 + ℎ }2

• Power law model variograms fit:

2𝛾𝛾 ℎ = 𝐶𝐶ℎ𝜁𝜁𝑝𝑝



Profiles



Variograms



Kriging Residuals
• Normalized kriging 

residuals demonstrate 
how well the 2/3 power 
law variogram best fit the 
data. 

• Profiles with poor fitting 
variograms resulted in 
noisy residuals. 



Power law variogram properties
• Power law variograms have valid 

scaling parameters   0 > 𝜁𝜁𝑝𝑝> 2. 

• 𝜁𝜁𝑝𝑝 = 1: Brownian motion or 
random walk

• 𝜁𝜁𝑝𝑝 = 2: Differentiable, non 
random variation

• 𝜁𝜁𝑝𝑝 = 0: White noise process 



Fractional Brownian Motions (Mandelbrot and Van Ness 1968)

• When 𝜁𝜁𝑝𝑝 ≠ 1, the power law 
variogram can be used to model a 
fractional Brownian motion (fBm).

• fBms have a “long term memory”.



Turbulence Intermittency

• Random fluctuations 
supplied by energy-
containing eddies into the 
turbulent cascade.

• Randomness of cascade can 
be assessed trough the 
scaling exponent of the 
power law variogram



Conclusions

• Geostatistical methods for non-stationary random variables may be 
well suited to model temperature structure. 

• Autocorrelation may be modeled by a fractional Brownian motion.
• All temperature values have some degree of autocorrelation.
• Mean may not decouple well from the turbulent component.

• Spatial estimation of temperature measurements are likely to be 
challenging during periods of turbulence intermittency. 
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