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Tomography ï Introduction  

Used in physics, medicine & remote sensing 

Radon Transform 



Sonic Atmospheric Tomography 

Temperature & Wind Profiles 



UAV-Based Tomography 
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UAV Spectrum (RPM & PBR) 
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(Approximate) Forward Solution 
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Re-Sampling to Obtain Phase 

Longer dwell times for DFT. Eliminates smearing and bias. 
Provides higher SNR. Improves estimates of harmonics (mHz). 

Rogers & Finn, JASA 2016 



Path Length Propagation Errors 

Eikonal equation (scale sizes > wavelength) 

Straight ray path approximation (0.01 ï 0.6%) 

Unknown atmospheric water vapour (0.02%) 

Turbulence ï SNR (Ź) & scattering (0.003%) 

Signal Processing Errors 

Use CRLB (0.1 ï 1.0ms) 

Coherence (calculate effective SNR) 

Combine harmonics (reject poor observations) 

Location Errors (UAV & Ground RCVR) 

RTK CP DGPS (0.03m & 30ns) 

Some Error Sources 



LES Data 

LES Data 
(2m x 2m x 5m) 

Simulation defines 
signal processing 
requirements and 
other constraints 

Sullivan & Patton, JAS 2011 

Mathematical model for turbulence in CFD 

Used to simulate atmospheric air currents 
Weakly sheared daytime convective PBL 

Applies low pass filtering to Navier-Stokes 
Eliminates small scale scales of solution 

Reduces computational cost of simulation 



AAT with 0.1ms & 0.5% Errors  

Red is Tom 
estimate 

Green is 
RBF fit to 
LES data 

Wind 
~0.3m/s 

 

Temp 
~0.2°C 



Large Eddy 
Simulation 

Tomographic 
Estimate 

Visualising & Monitoring the 
Atmosphere over Time 

5m x 2m 25m x 4m 





Real Observations Over 30 mins 



SODAR vs AAT Comparisons 



3D & Comparison with LIDAR  



3D Temperature & Wind Profiles 



Underwater Sound Field 

ρ ‎ ὶ ςρ ‎ ὶὶ Ὠ Ὠ‎ ρ ‎ ὶ ὶ ςὨὶὶ ὶὨ π 

Finn & Rogers, J. Oceanic & 
Atm. Technology 2017 



Geometry for Inverse Problem 
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Improve Pose Through 
Flight Path 

Improve Pose Through 
Additional Hydrophones 



UAV-Based Oceanic Tomography 

Target 
RBF Data 

Tomographic 
Estimate 



Target 
RBF Data 

UAV-Based Oceanic Tomography 

Tomographic 
Estimate 
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Multi -UAV Tomography 
Finn & Rogers, IET Radar, 
Sonar & Navigation 2016 



Multi -UAV Tomography 

Expand key terms as Taylor series and ignore terms of order ‐ and higher 
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2-Way Rays Reduce Error Impact 

LES Data 
(2m x 2m) 

Tomographic 
Estimate 

(10 ms, 0.1%, 0.1m) 



Qualitative picture of spectral 
broadening. Due to scattering by spatial-
temporal temperature and wind velocity 
fluctuations, the frequency spectrum of a 
narrowband signal broadens. 

Spectrum of the 500Hz tone 
scattered by atmospheric 

turbulence (Goedecke et al). 
Source height 10m, mic on the 
ground, range 300m. Geometry 
corresponds to sound scattering 

into shadow zone 

Scattered 
Transmitted 

Ostashev, Wilson & Finn, JASA 2016 

Turbulence: Spectral Broadening 
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Questions 



Time Delay Tomography ï Concept 
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Then solve  
╛z ▼  ♯◄ 

Si 

l i1 

l i2 

l i3 



Isotropic Layer Refraction 

ŭzi rc 

ŭxi 

ɗi 

ɗi+1 
ci+1 

ci 

Piecewise Linear Gradients 

Gradient in layer, gi = (ci+1 - ci)/dz 

Radius of curvature, rc = - ci/[gi cos(ɗi)] 

From image,  ŭxi = rc [sin(ɗi+1) - sin(ɗi)]  

  ŭzi = rc [cos(ɗi+1) - cos(ɗi)] 

Given ŭzi, ɗi+1 = cos-1[cos(ɗi) - ŭzi/rc] 

Evaluate integral, ᷿ 1/(gi cos(ɗ) ) dɗ
ɗi
ɗi+1

 

=> ŭti = -2/gi [tanh-1{tan(ɗi+1 /2)} - tanh-1{tan(/2)}] 

Distance travelled, d = ŭti (ci + gi/2) 

ray path 

Principles of Underwater 
Sound (Urick, 1983) 

Calculate additional 
%-age in ŭt based 
on hypotenuse of 
óend-to-endô ray (- -) 
& apply to óknownô 

ray path (---)  



Inverse Solution (Network RBF) 

Linear Gaussian relationships 
╫ ═● ╒╜═

╣╒╓  

 

First order Tikhonov regularisation 
═ ♬╛● ╫ 

 

Update with posterior model & data covariance  matrices 
●░ ●░ ╒╜═

╣═╒╜═
╣ ╒╓  ╫ ═●░ 

 

Model covariance matrix 
╒╜░ ╒╜░ ╒╜░═

╣═╒╜═
╣ ╒╓  ═╒╜░ 

 

Data covariance matrix 
╒╓ ╦╓ ╫▬ 

Roughness matrix 
ρ ρ π π ȣ π
π ρ ρ π ȣ π
π π ρ ρ ȣ π
ȢȢȢȢȢȢȢȢȢȢȢ

π π π ȣ ρ ρ

 

Picard & NCP 



Effect of Throttle Variation  

 

41% 

8% 

60% 
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1 cycle 

2 cycles 

Uy = 0 

Uy = const 

Ux = constant 

for all 

Finn & Rogers, J. Oceanic & 
Atm. Technology 2016 



Impact on Time Delay Estimation 

  

  



Large Eddy Simulation Data 

Mathematical model for turbulence in CFD 

Used to simulate atmospheric air currents 

Weakly sheared daytime convective PBL 

Applies low pass filtering to Navier-Stokes 

Eliminates small scale scales of solution 

Reduces computational cost of simulation 



Integrate Stable Frequencies 
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Initial conditions, ɲ ὸ  and ɲ ὸ  

Compensate drift due to Wiener-Levy walk  

 

time tu0 tr0 + ŭt0 tu1 tr1 + ŭt1 

GND 

UAV 



Estimates of Sound Speed 

26 Microphones over a 575m baseline 


